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In this paper, we are concerned with a singular parabolic equation ∂v
∂t − v = f (x, t) −
μ |∇v|
2
v in a smooth bounded domain Ω ⊂ RN subject to zero Dirichlet boundary condition
and initial condition ϕ 0. Under the assumptions on μ, ϕ and f (x, t), some existence and
uniqueness results are obtained by applying parabolic regularization method and the sub-
supersolutions method. We also discuss the asymptotic behaviors of solutions in the sense
of L2(0, T ;W 1,20 (Ω)) and L∞(0, T ; L2(Ω)) norms as μ → 0 or μ → ∞. As a byproduct we
obtain the existence of solutions for some problems which blow up on the boundary.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we are concerned with a singular parabolic equation
∂v
∂t
− v = f (x, t) − μ |∇v|
2
v
, in Q T , (1.1a)
v(x, t) = 0, on ∂Ω × (0, T ], (1.1b)
v(x,0) = ϕ(x), in Ω, (1.1c)
where μ > 0 is a constant, Q T = Ω × (0, T ], T is a positive number, Ω ⊂ RN is a bounded domain with smooth bound-
ary ∂Ω .
Problem (1.1a) is closely related to some problems. If μ = 1, let u = − ln v (v > 0), then problem (1.1a)–(1.1c) is trans-
formed into
∂u
∂t
− u + f (x, t)eu = 0, in Q T , (1.2a)
u(x, t) = ∞, on ∂Ω × (0, T ], (1.2b)
u(x,0) = − lnϕ, in Ω. (1.2c)
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∂u
∂t
− u + f (x, t)up = 0, in Q T , (1.3a)
u(x, t) = ∞, on ∂Ω × (0, T ], (1.3b)
u(x,0) = [(p − 1)ϕ]1/(1−p), in Ω. (1.3c)
The boundary conditions in (1.2a)–(1.2c) and (1.3a)–(1.3c) mean that u(x, t) → ∞ uniformly with respect to t ∈ (0, T ], as
δ(x) = dist(x, ∂Ω) → 0.
If μ = γγ+1 (γ > 0), let u = ((1+ γ )v)1/(1+γ ) , then problem (1.1a)–(1.1c) is transformed into
∂u
∂t
− u − f (x, t)u−γ = 0, in Q T , (1.4a)
u(x, t) = 0, on ∂Ω × (0, T ], (1.4b)
u(x,0) = [(1+ γ )ϕ]1/(1+γ ), in Ω. (1.4c)
Problems (1.2a) and (1.3a) have many applications in physics, chemistry and biology. The most common interpretation
is to consider u as the temperature of a substance in a recipient Ω within a chemical reaction, and u as a diffusion. The
nonlinear term always represents a heat source due to an exothermic or an endothermic reaction. For their detailed back-
grounds, we refer the readers to [8,10] and the references therein. Problem (1.4a)–(1.4c) is related with models describing
enzymatic kinetics, which has been studied recently on its existence and qualitative behaviors of these solutions. We refer
readers to [4] and the references therein.
Problems (1.2a) and (1.3a) have been extensively studied over the past decades along three major lines, such as the role
of exponents played in the ﬁnite time blowup, the blowup proﬁles, stability of nonnegative steady states, etc., see [3,7,9]
and the references therein. As far as the authors know, there are few papers studying problems (1.2a) and (1.3a) under the
initial–boundary conditions as (1.2b)–(1.2c), (1.3b)–(1.3c). Let us quote [2] for example.
This paper was inspired by [12], where he discussed a class of elliptic problems
u = k(x) f (u), in Ω,
u(x) = ∞, on ∂Ω,
with f (u) = eu or f (u) = up (p > 1). By transforming the blowup problems into equivalent singular elliptic boundary
value problems like the type of (1.1a), he obtained the existence results of the above problems. Inspired by his ideas and
results, we discuss a kind of parabolic problems as (1.1a)–(1.1c). Under the assumptions on μ, f (x, t) and ϕ , we conclude
that problem (1.1a)–(1.1c) admits at least a classical solution. Consequently, by the reverse transformation formula some
existence results for problems (1.2a)–(1.2c), (1.3a)–(1.3c) and (1.4a)–(1.4c) are obtained. We also discuss the asymptotic
behaviors of solutions for problem (1.1a)–(1.1c) in the sense of L2(0, T ;W 1,20 (Ω)) and L∞(0, T ; L2(Ω)) norms as μ → 0 or
μ → ∞. Finally we study the uniqueness of classical solutions in the case of μ 1 and 0 < μ < 1, respectively.
The paper is organized as follows. In Section 2 we prove the existence and uniqueness of classical solutions for (1.1a)–
(1.1c) applying the classical parabolic regularization method and the sub-supersolutions method, discuss the asymptotic
behaviors of solutions as μ → 0 or μ → ∞.
2. The main results and the proofs
We assume for some α ∈ (0,1) that ϕ satisﬁes
(H1) ϕ ∈ C2+α(Ω), ϕ > 0 in Ω , ϕ = 0 on ∂Ω ,
and f (x, t) satisﬁes
(F1) f ∈ Cα,α/2(Q T ), f is positive on Q T .
Throughout the paper, we use the metric d((x, t), (y, s)) := (|x − y|2 + |s − t|)1/2 for the computation of the Hölder
constant. We denote Q T = Ω × [0, T ], A  B means A is a compact subset of B separated from B by a positive distance d.
At ﬁrst, we have the following lemma.
Lemma 2.1. Let (H1), (F1) hold. Then problem
∂v
∂t
− v = f (x, t), in Q T , (2.1a)
v(x, t) = 0, on ∂Ω × (0, T ], (2.1b)
v(x,0) = ϕ(x), in Ω, (2.1c)
has a unique nonnegative classical solution v0 ∈ C2+α,1+α/2(Q T ). Moreover v0 > 0 in Ω ′ × [0, T ] for any Ω ′ Ω .
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prove that v0  0 in Q T and v0 > 0 in Ω ′ × [0, T ] for any Ω ′ Ω . 
The main results of this paper are as follows.
Theorem 2.1. Under the assumptions of (H1), (F1), problem (1.1a)–(1.1c) admits at least one solution vμ ∈ C2,1(Ω ×[0, T ])∩C(Q T )
satisfying
(1) If μ 1, suppose v1 and v2 are any two solutions obtained by regularization method for problem (1.1a)–(1.1c), then
v1 = v2 in Ω ′ × [0, T ],
for any Ω ′ Ω;
(2) If 0 < μ < 1, then problem (1.1a)–(1.1c) admits at most one solution.
Moreover, we have
‖vμ − v0‖L2(0,T ;W 1,20 (Ω)) + ‖vμ − v0‖L∞(0,T ;L2(Ω)) = O
(
μ1/2
)
, (2.2)
as μ → 0; and
‖vμ‖L2(0,T ;W 1,20 (Ω)) = O
(
(1+ μ)−1/2), as μ → ∞. (2.3)
Corollary 2.1. IBVP (1.2a)–(1.2c) admits at least one solution u ∈ C2,1(Ω × [0, T ]) and limsupδ(x)→0 u(x,t)| ln v0(x,t)| is uniformly bounded
with respect to t ∈ (0, T ].
Corollary 2.2. IBVP (1.3a)–(1.3c) admits at least one positive solution u ∈ C2,1(Ω ×[0, T ]) and limsupδ(x)→0 u(x,t)
v0(x,t)
− 2p−1
is uniformly
bounded with respect to t ∈ (0, T ].
Corollary 2.3. IBVP (1.4a)–(1.4c) admits at least one nonnegative solution u ∈ C2,1(Ω×[0, T ])∩C(Q T ) and limsupδ(x)→0 u(x,t)
v0(x,t)
1
1+γ
is uniformly bounded with respect to t ∈ (0, T ].
Remark 2.1. Note that in the case of μ = pp−1 (p > 1), v = u
1−p
p−1 , problem (1.1a)–(1.1c) with μ → ∞ corresponds to problem
(1.3a)–(1.3c) with p → 1; in the case of μ = γ1+γ (γ > 0), v = u
1+γ
1+γ , problem (1.1a)–(1.1c) with μ → 0 corresponds to
problem (1.4a)–(1.4c) with γ → 0.
Since problem (1.1a) is singular at the points of v(x, t) = 0, we need to regularize it. Precisely we discuss nonnegative
solutions of the following regularized problem, where τ > 0
∂v
∂t
− v + μ |∇v|
2v
v2 + τ = f (x, t), in Q T , (2.4a)
v(x, t) = 0, on ∂Ω × (0, T ], (2.4b)
v(x,0) = ϕ(x), in Ω. (2.4c)
For simplicity, denote Aξ = ( ∂
∂t − )ξ , bτ (x, t, ξ, η) = f (x, t) − μ|η|
2ξ
ξ2+τ . From (F1) we see that bτ (·, · ,ξ, η) : Ω × R → R is
α-Hölder continuous, uniformly for (ξ,η) in bounded subsets of R × RN and such that ∂bτ /∂ξ and ∂bτ /∂ηi, i = 1, . . . ,N ,
exist and are continuous on Ω × RN+2 . Moreover, there exists a positive constant C dependent of τ such that∣∣bτ (x, t, ξ,η)∣∣ C(1+ |η|2).
Deﬁnition 2.1. We call v a subsolution for IBVP (2.4a)–(2.4c) if v ∈ C1,0(Q T ) ∩ C2,1(Ω × (0, T ]) and
∂v
∂t
− v + μ |∇v|
2v
v2 + τ  f (x, t), in Q T ,
v(x, t) 0, on ∂Ω × (0, T ],
v(x,0) ϕ(x), in Ω.
Supersolutions are deﬁned by reversing the above inequalities. We call v a solution for IBVP (2.4a)–(2.4c) if v ∈
C2+α,1+α/2(Ω × (0, T ]) ∩ C1,0(Q T ) and satisﬁes IBVP (2.4a)–(2.4c) pointwise.
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every ϕ , which in addition veriﬁes v(·,0) ϕ(·) v(·,0). Moreover, v  vτ (ϕ) v in Q T .
Proof. At ﬁrst we need to prove
Av  bτ (x, t, v,∇v) in Q T ,
Av  bτ (x, t, v,∇v) in Q T ,
and v(x,0) v(x,0) in Ω .
It follows easily from Lemma 2.1 and μ > 0 that v is a supersolution for IBVP (2.4a)–(2.4c).
Simple calculations show that
Av − bτ (x, t, v,∇v) = 2C
[
v0
(
∂v0
∂t
− v0
)
+
(
2μ
C2v40
C2v40 + τ
− 1
)
|∇v0|2
]
− f (x, t)
 2C v0 · f (x, t) + 4Cμ|∇v0|2 − f (x, t).
Choosing
Cμ 
{
1/2minQ T f (x, t)[maxQ T (v0 · f (x, t) + 2μ|∇v0|2)]−1, μ 1,
1/2minQ T f (x, t)[maxQ T (v0 · f (x, t) + 2|∇v0|2)]−1, 0 < μ < 1,
and
C min
{
Cμ,
[
max
Ω
ϕ(x)
]−1
,1
}
,
we see that v(x,0) ϕ(x) in Ω and v is a subsolution for IBVP (2.4a)–(2.4c).
Hence from Theorem 4.5 of [1], we conclude IBVP (2.4a)–(2.4c) has a unique solution vτ (ϕ) for every ϕ , which in
addition veriﬁes
C v20  vτ  v0, in Q T .  (2.5)
Lemma 2.3. Suppose Q ′T = Ω ′ × (0, T ], where Ω ′ Ω has smooth boundary. Then for some γ ∈ (0,1),
‖vτ ‖C2+γ ,1+γ /2(Q ′T )  C,
where C is independent of τ .
Proof. The proof is motivated by the appendix in [11]. Choose Q i,T = Ωi × (0, T ] (i = 1,2,3), where Ω ′  Ω1  Ω2 
Ω3 Ω having smooth boundaries. For the equation
∂vτ
∂t
− vτ = bτ (x, t, vτ ,∇vτ ) on Q 3,T ,
since maxΩ |∇ϕ| < ∞ and |bτ (x, t, ξ, η)| C |η|2 + f (x, t), where C is independent of τ and depends on μ, (minQ 3,T v0)−2,
by the interior estimate theorem of [6, Theorem 3.1, p. 438], we can obtain a positive constant C1 independent of τ such
that
max
Q 2,T
|∇vτ | C1 max
Q 3,T
vτ .
From which, we see that |∇vτ | is uniformly bounded on Q 2,T , hence∣∣bτ (x, t, vτ ,∇vτ )∣∣max
Q 2,T
f (x, t) + μmax
Q 2,T
|∇vτ |2/min
Q 2,T
v  C˜ ,
where C˜ is independent of τ . Hence bτ is uniformly bounded on Q 2,T , and bτ ∈ Lq(Q 2,T ) for any q > 1.
Since ∂vτ
∂t − vτ = bτ on Q 2,T , there exists a positive constant C2 independent of τ such that
‖vτ ‖2,q,Q 1,T  C2
(‖bτ ‖q,Q 2,T + ‖vτ ‖q,Q 2,T ),
see for example [6] or Theorem 6.2 of [5, pp. 116–117], here ‖·‖2,q,Q 1,T means the norm in W 2,1q (Q 1,T ), ‖·‖q,Q 2,T means the
norm in Lq(Q 2,T ). Hence ‖vτ ‖2,q,Q 1,T is uniformly bounded. Choosing q > N + 2, γ < 1 − N+2 , from Sobolev’s embeddingq
186 L. Xia, Z. Yao / J. Math. Anal. Appl. 358 (2009) 182–188inequality, we see that ‖vτ ‖C1+γ ,(1+γ )/2(Q 1,T ) is uniformly bounded. Therefore bτ ∈ Cγ ,(1+γ )/2(Q 1,T ) and ‖bτ ‖Cγ ,(1+γ )/2(Q 1,T )
is uniformly bounded. By Schauder’s estimate theorems (see for example [6] or [5, pp. 61–65]), we see that there exists a
positive constant C3 independent of τ such that
‖vτ ‖C2+γ ,1+γ /2(Q ′T )  C3
(‖vτ ‖C(Q 1,T ) + ‖bτ ‖Cγ ,γ /2(Q 1,T ) + ‖ϕ‖C2+α(Ω1)) C,
where C is independent of τ . It follows that ‖vτ ‖C2+γ ,1+γ /2(Q ′T ) is uniformly bounded. 
From the above proof, we see that ‖vτ ‖C2+γ ,1+γ /2(Q ′T ) is uniformly bounded for any Q
′
T = Ω ′ × (0, T ], where Ω ′  Ω .
Using Arzelá–Ascoli theorem and diagonal sequential process, we obtain that there exists a subsequence of {vτ } which
converges uniformly in the C2,1(Q ′T ) norm to a function v ∈ C2,1(Ω × [0, T ]) and v satisﬁes problem (1.1a).
From Lemma 2.2 we obtain
C v20(x, t) v(x, t) v0(x, t) in Q T , (2.6)
which implies that limx→∂Ω v(x, t) = 0, t ∈ (0, T ] and limx→∂Ω v(x, t) = 0, as t → 0+ . Let v|∂Ω×[0,T ] = 0, hence we obtain a
solution v ∈ C2,1(Ω × [0, T ]) ∩ C(Q T ) satisfying (1.1a)–(1.1c) pointwise.
Next we need to prove (2.2), (2.3). At ﬁrst we have the following lemma.
Lemma 2.4. There holds
(1+ μ)
∫ ∫
Q T
|∇v|2 dxdt + 1
2
∫
Ω
v2 dx C,
where C is a positive constant independent of μ.
Proof. Multiplying (2.4a) with vτ and integrating over Q T , we obtain
1
2
∫ ∫
Q T
∂v2τ
∂t
dxdt +
∫ ∫
Q T
|∇vτ |2
(
1+ μv
2
τ
v2τ + τ
)
dxdt =
∫ ∫
Q T
f (x, t)vτ dxdt.
Since v
2
τ
v2τ +τ |∇vτ |
2 → |∇v|2 a.e. in Q T as τ → 0, from (2.6), (H1), (F1) and Fatou Lemma, we obtain by letting τ → 0 that
1
2
∫
Ω
v2 dx+ (1+ μ)
∫ ∫
Q T
|∇v|2 dxdt 
∫ ∫
Q T
f (x, t)v0 dxdt + 1
2
∫
Ω
ϕ2(x)dx C .
The conclusion of this lemma follows. 
Lemma 2.5. For any θ ∈ (0,1) there exists a positive constant Cθ independent of μ such that∫ ∫
Q T
|∇v|2
vθ
dxdt  Cθ .
Proof. Multiplying (2.4a) with v1−θτ (0 < θ < 1), integrating over Q T and using similar methods of Lemma 2.4, we have∫ ∫
Q T
(
1
2− θ
∂v2−θ
∂t
+ (1− θ + μ) |∇v|
2
vθ
)
dxdt 
∫ ∫
Q T
f (x, t)v1−θ dxdt.
From (2.6) and μ > 0 it follows that∫ ∫
Q T
|∇v|2
vθ
dxdt  1
1− θ
∫ ∫
Q T
f (x, t)v1−θ0 dxdt +
1
(2− θ)(1− θ)
∫
Ω
ϕ2−θ dx Cθ ,
where Cθ is independent of μ. 
Lemma 2.6. For any μ ∈ (0,1), there holds
‖v − v0‖L2(0,T ;W 1,20 (Ω)) + ‖v − v0‖L∞(0,T ;L2(Ω))  Cμ
1/2,
where C is independent of μ.
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∂(v0 − vτ )
∂t
− (v0 − vτ ) = μ |∇vτ |
2vτ
v2τ + τ
.
Multiplying the above equation with v0 − vτ , integrating over Q T and using similar methods of Lemma 2.4 we obtain
1
2
∫ ∫
Q T
∂
∂t
(v0 − v)2 dxdt +
∫ ∫
Q T
∣∣∇(v0 − v)∣∣2 dxdt μ
∫ ∫
Q T
|∇v|2
v
(v0 − v)dxdt
μ
∫ ∫
Q T
|∇v|2
v
v0 dxdt
 Cμ
∫ ∫
Q T
|∇v|2
v1/2
dxdt  Cμ,
where the last two inequalities follow from v1/2  Cv0 and Lemma 2.5 with θ = 1/2, here C is independent of μ since
μ ∈ (0,1). From the above integral inequality we have(∫
Ω
(v0 − v)2 dx
)1/2
+
(∫ ∫
Q T
∣∣∇(v0 − v)∣∣2 dxdt
)1/2
 Cμ1/2,
hence the proof of Lemma 2.6 is complete. 
Now we complete the proof of Theorem 2.1. It is easy to see that (2.2) follows from Lemma 2.6, (2.3) follows from
Lemma 2.4. We only need to prove conclusions (1) and (2) of the theorem.
Let
w =
{
v1−μ
1−μ , μ = 1,
ln v, μ = 1,
then (1.1a) can be rewritten as
∂w
∂t
− w = f (x, t)
vμ
.
To prove conclusion (1), it suﬃces to prove that v1  v2 in Ω ′ × [0, T ]. Assume to the contrary that there exists a point
(x0, t0) ∈ Ω ′ × [0, T ] such that (v1 − v2)(x0, t0) < 0. Since v1, v2  Cv20 and v0 > 0 in Ω ′ × [0, T ], we have v1, v2 > 0 in
Ω ′ × [0, T ]. Hence
∂ w˜
∂t
− w˜ = f (x, t)(v−μ1 − v−μ2 ) in Ω ′ × (0, T ], (2.7)
where
w˜ =
{
v1−μ1
1−μ −
v1−μ2
1−μ , μ = 1,
ln v1 − ln v2, μ = 1.
By continuity, the initial condition and the assumption, there exists (x∗, t∗) ∈ Ω ′ × (0, T ] such that
w˜(x∗, t∗) = min
Ω ′×[0,T ]
w˜(x, t) < 0,
(
∂ w˜
∂t
− w˜
)
(x∗, t∗) 0.
From the assumption, we also have f (x, t)(v−μ1 − v−μ2 )|(x∗,t∗) > 0, which is a contradiction following from (2.7). Hence in
the case of μ 1
v1 = v2 in Ω ′ × [0, T ],
for any Ω ′ Ω , and conclusion (1) is proved.
To prove conclusion (2) it suﬃces to prove that v1  v2 in Q T , which follows easily by using the similar method as
in conclusion (1) and from continuity of the solutions, the initial–boundary conditions and 0 < μ < 1. Hence problem
(1.1a)–(1.1c) admits at most one solution in the case of 0 < μ < 1. The proof of Theorem 2.1 is complete.
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lnC + 2 ln v0 −u  ln v0, in Q T ,
and limsupδ(x)→0 u(x,t)| ln v0(x,t)| is uniformly bounded with respect to t ∈ (0, T ].
If μ = pp−1 (p > 1), we can let u = [ 1(p−1)v ]1/(p−1) ∈ C2,1(Ω × [0, T ]). From (2.6) we have
(p − 1)v−
1
p−1
0  u  C(p − 1)v
− 2p−1
0 , in Q T ,
and limsupδ(x)→0 u(x,t)
v0(x,t)
− 2p−1
is uniformly bounded with respect to t ∈ (0, T ].
Using similar method, we can easily prove Corollary 2.3. 
Remark 2.2. If ϕ(x) ≡ 0 in Ω , we may assume f (x, t) ∈ Cα,α/2(Q T ) is a nonnegative function satisfying
(F2) f (x, t) > 0 in Ω × (0, T ], f (x,0) = 0 for some x ∈ Ω or any x ∈ Ω , 0 < limt→0+ f (x,t)t  F (x)∞, x ∈ Ω .
We claim that problem (1.1a)–(1.1c) admits at least a solution v ∈ C2,1(Q T )∩ C(Q T ) under the assumptions of (H1), (F2).
From (F2) and (2.1a)–(2.1c), it follows that minQ T
f (x,t)
t > 0 exists and v0(x,0) ≡ 0 in Ω , v0(x, t) > 0 in Ω × (0, T ]. Hence
0 lim
t→0+
v20
t
= lim
t→0+
2v0 · v0t = lim
t→0+
2v0
(
f (x, t) + v0
)
< ∞,
and maxQ T
v20
t  0 exists. So we can construct v = Ctv20 and v = v0, where
C min
Q T
(
f (x, t)/t
) · (max
Q T
[
2 f (x, t)v0 + v20/t + 4μ|∇v0|2
])−1
,
such that problem (2.4a)–(2.4c) admits at least one solution vτ ∈ [v, v]. Using the similar methods as in Lemma 2.3, we
obtain a function v ∈ C2,1(Q T ) satisfying (1.1a) and
Ctv20  v(x, t) v0(x, t) in Q T .
Let t → 0+ , we have v(x, t) → 0 in Ω; Let x → ∂Ω , we have v(x, t) → 0 in (0, T ]. Hence v ∈ C2,1(Q T ) ∩ C(Q T ) satisfying
(1.1a)–(1.1c) pointwise.
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